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We onsider a nonloal version of the Nambu and Jona-Lasinio model. The non-
loality is ontained in the quark-antiquark bilinears of the four-quark verties as a
form fator of the Gaussian type. The model has three parameters whih an be fixed
in favour of the values of the pion mass, the pion deay onstant fpi, and the urrent
quark mass. The pipi sattering amplitude is obtained by alulating the quark box
and the σ-pole diagrams, where σ is the salar isosalar meson. It is shown that this
amplitude satisfies the well-known Weinberg relation. We obtain the s, p, d wave
sattering lengths in all isotopi hannels and the s wave slope parameters. The
results are in satisfatory agreement with both phenomenologial data and the basi
requirements of low-energy theorems, thus supporting to the form fator used.
1. INTRODUCTION
The theoretial study of pipi sattering has a long-standing history. One of the pioneering
works whih has ertainly boosted the development of hiral symmetri models was due to
Weinberg [1℄. In that paper the methods of urrent algebra [2, 3℄ were suessfully used to
ompute the low-energy pipi sattering lengths. After that many Lagrangian models of strong
interations of hadrons were intensively developed, using the linear [4℄ and nonlinear [57℄
realizations of hiral symmetry. Various low-energy properties of hadrons were desribed in
the framework of these models, for instane pipi sattering (see e.g. [810℄).
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2The hiral perturbation theory has been developed on the basis of nonlinear Lagrangians.
This effetive field theory desribes the low-energy struture of different amplitudes in terms
of expansion in powers of energies, momenta and urrent quark masses [11, 12℄. Chiral
symmetry determines the low energy behaviour of the pipi sattering amplitude to within very
small unertainties [13, 14℄. For suh a theory one takes for granted that hiral symmetry
is spontaneously broken. There are theoretial arguments indiating that hromodynamis
leads indeed to the formation of a quark ondensate [15℄. However, the hiral perturbation
theory annot explain this phenomenon.
An analogy with superondutivity led Nambu and Jona-Lasinio (NJL) to the field the-
oretial model of strong four-fermion interations [16, 17℄ whih provide for spontaneous
hiral symmetry breaking and the formation of a quark ondensate. The loal version of
this model was partiularly well developed at the quark level [1825℄. The spetrum, low-
energy dynamis, the main strong and eletromagneti deays, sattering and the internal
harateristis of mesons have a reasonable explanation within this model.
In this paper, we generalize the loal approah to pipi sattering by onstruting the pipi
sattering amplitude within the framework of a nonloal NJL model with linear realization
of hiral symmetry. The salar and pseudosalar degrees of freedom are onsidered. Let
us note that one needs to know higher powers of the p2 expansion to desribe sattering
lengths and slope parameters of d-waves and higher. Suh expansions were first a problem
in the loal approah: ad ho form fators were inserted into the meson-quark verties [26℄,
their struture not being derived from the internal struture of the model, thus requiring
justifiation [27℄.
A oherent method whih takes into aount the whole ontribution of quark one-loop
diagrams in the loal NJL model has been formulated in [28, 29℄. In partiular, the method
was suessfully used to alulate pipi sattering lengths.
Reently, nonloal versions of the NJL model have been atively developed [3042℄. These
models are free from ultra-violet divergenes, as well as there is hope to onfine the quarks
beause the onstituent quark mass depends on the momentum. The form fators of the
meson-quark verties are the diret onsequene of this nonloality. Thus, it seems inter-
esting to alulate again pipi sattering lengths and parameters of effetive ranges in the
framework of a nonloal model. The relative simpliity of the proess together with a large
amount of experimental information about pipi sattering serve us to gain a onsiderable
3insight into the struture of nonloal interations from suh alulations.
The paper is organized as follows. In the next Set. we onsider the effetive SU(2) ×
SU(2) symmetri nonloal four-quark interation. The dynamial mehanism of spontaneous
hiral symmetry breaking is larified after bosonization. We show that the model satisfies
Goldberger  Treiman and Gell-Mann, Oaks, Renner relations. We fix parameters of the
model in this setion. In Set. 3 we obtain the pipi sattering amplitude, hek Weinberg
relation and alulate s, p, d sattering lengths in all isotopi hannels and slope parameters
of s-waves. The results are ompared with empirial data. In the last Set. we disuss them.
2. NONLOCAL MODEL OF THE NJL TYPE
The model is based on the effetive SU(2) × SU(2) symmetri quark interation in the
salar and pseudosalar setors
L = q¯(x)(i∂ˆx −m
0)q(x) +
G
2
(Jσ(x)Jσ(x) + J
a
pi(x)J
a
pi(x)) , (1)
where q, q¯ are quark and antiquark fields, m are masses of urrent quarks, τi are the Pauli
matries and G is the four-quark oupling onstant. The nonloal quark urrents JI(x) are
given by
1
JI(x) =
∫
d4x1d
4x2 δ
(
x−
x1 + x2
2
)
f((x1 − x2)
2) q¯(x1) ΓI q(x2), (2)
where the funtion f(x) is normalized as f(0) = 1. The matries ΓI in eq.(1) are defined as
follows Γσ = 1, Γ
a
pi = iγ
5τa.
One has for this Lagrangian after bosonization
L = q¯(x)(i∂ˆx −mc)q(x)−
1
2G
(
pia(x)2 + σ˜(x)2
)
+ Jσ(x)σ˜(x) + pi
a(x)Japi(x), (3)
where σ˜ and pia are the salar and pseudosalar fields. The salar field σ˜ has a nonzero
vauum expetation value 〈σ˜〉0 = σ0 6= 0. To arrive at the physial salar field with zero
expetation value, it is neessary to shift the field: σ˜ = σ + σ0.
Varying the ation with respet to σ〈
δS
δσ
〉
0
= 0, (4)
1
The models with suh nonloality have been onsidered previously in [3742℄
4one obtains the equation for the dynamial quark mass, the gap equation
m(p2) = mc + iG
NfNc
(2pi)4
f(p2)
∫
d4k
(2pi)4
f(k2)Tr [S(k)] , (5)
where Nf and Nc are the numbers of quark flavours and olours, respetively. Note that
due to the form fators the quark loop integral is finite. This equation an also be written
as
m(p2) = mc − σ0f(p
2) = mc + (mq −mc)f(p
2), (6)
where mq is a dimensionfull parameter whih plays the role of the onstituent quark mass.
As a result the quark mass beomes p2 dependent. The quark propagator S(p) has the form
S(p) =
1
pˆ−m(p2)
. (7)
The propagators of the meson fields are
Dσ,pi(p
2) =
1
−G−1 + Jσ,pi(p2)
=
g2σ,pi(p
2)
p2 −M2σ,pi
, (8)
where Mσ,pi are meson masses, gσ,pi(p
2) are the funtions desribing the renormalization of
mesoni fields, and Jσ,pi(p
2) are the ontributions of the quark one-loop diagrams
Jσ,pi(p
2) = i
NfNc
(2pi)4
∫
d4kf 2(k2) Tr [S(k−)Γσ,piS(k+)Γσ,pi] , (9)
where k+ = k+ p/2, k− = k− p/2. The meson masses Mσ,pi are the poles of the propagators
Jσ,pi(M
2
σ,pi) = G
−1, (10)
and the ouplings gσ,pi(M
2
σ,pi) are determined on the mass-shell of the mesoni states by the
formulae
g−2σ,pi(M
2
σ,pi) =
dJσ,pi(p
2)
dp2
∣∣∣∣
p2=M2
σ,pi
. (11)
The amplitude of the pion deay pi → µν is
Aµ(pi→µν)(p) = ip
µfpi, (12)
where fpi is the oupling of the weak pion deay
2
. The Goldberger  Treiman relation is held
in the hiral limit fpi = mq/gpi(0) and fpi is given by the formula of Pagels and Stokar [45℄
f 2pi =
Nc
4pi2
∞∫
0
du um(u)
m(u)− 1
2
um′(u)
(u+m2(u))2
. (13)
2
Detailed desription of insertion of eletroweak fields into nonloal Lagrangian is given in appendix.
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Figure 1. Diagrams ontributing to the amplitude of pipi sattering.
This expression is given in Eulidean domain u = −p2.
The Gell-Mann  Oaks  Renner relation is fulfilled in the model
M2pif
2
pi = −2mc〈q¯q〉+O(m
2
c), (14)
where 〈q¯q〉 is the quark ondensate. This relation an be obtained from the equation for
the pion mass (10) with the help of the gap equation (5) and expanding in powers of M2pi
and mc. The form fator f(u) has been hosen in the form of a Gaussian exponent f(u) =
exp(−u/Λ2).
The model has three parameters mc, Λ, G. After using the values of pion mass Mpi = 140
MeV and the weak pion deay onstant fpi = 92 MeV as input parameters we obtain instead
of three arbitrary parameters only one mc. This parameter an be hosen in the interval
4.05 − 7.425 MeV at the typial hadron sale 1 GeV [43℄. Additional restrition an be
obtained, e.g., from the d-wave sattering length a22. As a result, the parameters of the
model are mc = 4.8 MeV, Λ = 880 MeV and G = 22.87 GeV
−2
. Thus, one an find that
mq = 345 MeV and 〈q¯q〉 = (−255MeV)
3
. For the mass and the width of salar meson we
obtain Mσ = 570 MeV, Γσ = 220 MeV.
3. pipi SCATTERING
The amplitude of the proess is desribed by two main diagrams plotted on Fig.1.
Using the notation of Chew and Mandelstam one an write the matrix element of pipi
sattering
〈i1i2|A|i3i4〉 = δi1i2δi3i4A(s, t, u) + δi1i3δi2i4A(t, s, u) + δi1i4δi2i3A(u, t, s) (15)
in terms of three kinematial invariants
s = (p1 + p2)
2, t = (p1 − p3)
2, u = (p1 − p4)
2. (16)
6For the amplitudes with the definite isospin values I = 0, 1, 2 one has
T 0 = 3A(s, t, u) + A(t, s, u) + A(u, t, s)
T 1 = A(t, s, u)− A(u, t, s) (17)
T 2 = A(t, s, u) + A(u, t, s).
The σ-pole diagram ontains the σpipi vertex whih has the following struture:
Aσ→pipi = 2gσ(p
2)gpi(p
2
1)gpi(p
2
2)gσpipi(p
2, p21, p
2
2)
gσpipi(p
2, p21, p
2
2) = i
NfNc
(2pi)4
∫
d4kf
((
k +
p1
2
)2)
f
((
k −
p2
2
)2)
f
((
k +
p1 − p2
2
)2)
×Tr [S(k + p1)ΓσS(k − p2)ΓpiS(k)Γpi] ,
The box diagram ontributes as
Abox(s, t, u) = 2g
4
pi(M
2
pi) (J4(s, t, u) + J4(s, u, t)− J4(u, t, s))
J4(s, t, u) = i
NfNc
(2pi)4
∫
d4kf
((
k +
p1
2
)2)
f
((
k −
p2
2
)2)
f
((
k +
p1 − p3
2
)2)
×f
((
k +
p1 − p2 − p3
2
)2)
Tr [S(k)ΓpiS(k − p2)ΓpiS(k + p1 − p3)ΓpiS(k + p1)Γpi] ,
As a result, the whole pipi amplitude an be written as
A(s, t, u) = Abox(s, t, u) + 4g
4
pi(M
2
pi)
g2σpipi(s,M
2
pi ,M
2
pi)
G−1 − Jσ(s)
. (18)
At the lowest order of the momentum and mc expansions one obtains the Weinberg result
A(s, t, u) =
s−M2pi
f 2pi
+O(p4) (19)
Let us reall that in the loal NJL model the Weinberg formula an be obtained on the
basis of the box and the σ-pole diagrams, if one piks up only the divergent terms of the
quark one-loop diagrams [26, 46℄
A(s, t, u) = −4g2 +
16m2g2
M2σ − s
=
s−M2pi
f 2pi
+ . . . , (20)
where g = gpi = gσ, m is the onstituent quark mass, and the sigma meson mass takes its
model value M2σ = M
2
pi + 4m
2
.
7Sattering lengths aIl and slope parameters b
I
l are the first terms in the expansion of
partial-wave amplitudes for orbital angular momentum l and isospin I
lim
k2→0
1
64piMpik2l
1∫
−1
dxPl(x)T
I(s, t, u) = aIl + k
2bIl +O(k
4). (21)
Here s = 4(M2pi + k
2), t = −2k2(1 − x), u = −2k2(1 + x); k is the .m. three-momentum,
and x = cos θ, where θ is a sattering angle between pions in the .m. frame and Pl(x) are
the Legendre polynomials.
To obtain sattering lengths we expand the integrand of eq.(21) in powers of k2. The
subsequent integration over x lead to the expressions for the sattering lengths and slope
parameters that are given in appendix.
The obtained values for the sattering lengths of the s, p and d waves in all isotopi
hannels as well as the parameters of the effetive ranges for the s waves are given in Table.To
ompare our results, we also present there harateristis obtained in the framework of the
loal NJL model [28℄. The empirial data are taken from the papers [49℄ (the life-time of the
pi+pi− mesoni atom), [50℄ (the K → 3pi deay), [48℄ (the K± → pi+pi−e±νe(ν¯e) deay), and
[47℄ (the phenomenologial analysis of data).
To hek the result, we passed to the loal limit in our formulae, by regularizing the
quark one-loop diagrams in the standard way and taking Λ → ∞ in the nonloal form
fators. After this the results of known alulations in the loal model are reprodued [28℄.
4. CONCLUSIONS
The present alulations show that the main low energy theorems of pion physis are ful-
filled within the nonloal NJL model extension onsidered. We have heked the Goldberger
 Treiman relation, the Gell-Mann, Oaks, Renner formula and the famous Weinberg result
for the low energy pipi sattering amplitude.
The Goldberger  Treiman relation is an exat result of the theory in the Goldstone limit
and reflets the hiral asymmetry of the ground state. In the NJL model as well as in the
linear sigma model, the Goldberger  Treiman relation an be understood as 〈σ0〉 = fpi,
where 〈σ0〉 represents the point at whih the effetive potential has a minimum.
The Gell-Mann, Oaks, Renner formula in the NJL model relates the quark ondensate
with the gap equation, thus refleting the dynamial mehanism for the spontaneous hiral
8Table 1. Sattering lengths and slope parameters for the pipi system. Colums LNJL, PY and EXP
orrespond to the results obtained in the loal NJL model [28℄, results of the phenomenologial analysis of
experimental data [47℄, and known data extrated from the life-time of pi+pi− mesoni atom [49℄, from the
K → 3pi deay [50℄ and K± → pi+pi−e±νe(ν¯e) data [48℄.
This work LNJL PY EXP
a00Mpi 0.20 0.190 0.230 ± 0.015 0.216 ± 0.017[48℄
a20Mpi −0.049 −0.044 −0.048 ± 0.0046
−0.0454 ± 0.0049 [48℄
−0.041 ± 0.036[50℄
(a00 − a
2
0)Mpi 0.25 0.234 0.277 ± 0.014
0.264+0.033−0.020 [49℄
0.268 ± 0.027[50℄
a11 × 10
−3M3pi 37 34 38.4 ± 0.8
a02 × 10
−4M5pi 16.3 16.7 18.7 ± 0.41
a22 × 10
−4M5pi 2.8 3.2 2.78 ± 0.37
b00M
3
pi 0.26 0.27 0.312 ± 0.014
b20M
3
pi −0.085 −0.079 −0.090 ± 0.006
symmetry breaking.
The pipi sattering amplitude has been obtained in the Hartree-Fok approximation of
the nonloal NJL model and was used to alulate the threshold harateristis. The results
for the sattering lengths in s, p and d waves and for the s-wave slope parameters are in
satisfatory agreement with the empirial data.
The main ontribution to the values of the s, p sattering lengths is given by the p2
terms of the amplitudes. By virtue of the Weinberg relation, they are less sensitive to the
struture of the form fator. The d-waves are mainly determined by the p4 order terms of
the amplitude and the suffiient preditions for the d-waves are a non-trivial result of our
alulations. In terms of box and σ-pole diagrams, they are additive for the a02 sattering
length and have opposite signs in the a22 ase. The value of the a
2
2 sattering lengths is
strongly affeted by the magnitude of the σ meson mass predited by the model.
Returning to the problem of fixing model parameters, note that the best agreement with
experimental a22 is ahieved for mc = 4.8 MeV(a
2
2 = 2.8× 10
−4M−5pi ). For the urrent quark
mass equal to 4.4 and 5.2MeV this sattering length equals 3.5×10−4M−5pi and 2×10
−4M−5pi ,
9respetively.
In the future we plan to extend the nonloal model onsidered by inluding the vetor and
axial-vetor mesons and taking into aount the pi−a1 transitions. It also will be interesting
to onsider the U(3) × U(3) hiral symmetry group and study the internal struture and
interations of the pseudosalar, salar, vetor, and axial-vetor nonets. Of speial interest
will be proesses in whih the p2 dependene of the amplitudes will be relevant.
Moreover, it is interesting to investigate the pipi sattering proess in the hot and dense
medium in the framework of a nonloal model. When hiral symmetry is restored, the σ
meson mass tends to the mass of pion [42, 46, 51℄. This an lead to a notieable inrease
in the pipi sattering amplitude near the phase transition of hadron matter into quark-gluon
plasma. Suh investigations in the framework of loal models are performed in [52℄.
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APPENDIX
Weak pion deay onstant
To determine the weak pion deay onstant one inserts external soures assoiated with
the eletroweak fields. For this purpose it is neessary to take into aount the ontributions
indued by the nonloal interation. We use the standard proedure: the external fields are
introdued via the Shwinger phase fator whih deloalizes quark fields
q(y)→ Q(x, y) = Pexp

i
y∫
x
dzµ[V aµ (z) + A
a
µ(z)γ5]T
a

 q(y). (22)
Here P is the Dyson ordering along the path, V aµ (z) and A
a
µ(z) are the external vetor and
axial-vetor gauge fields whih an be identified with eletroweak fields, T a stands for the
generators of the flavour group. Sine the derivative of the path integral of any funtion
10
k+
k
−
iγ5 γµγ5
+
k
+
k+
k
−
iγ5
Figure 2. Diagrams orresponding to the weak deay of the pion pi → µν.
Fµ(z) over the path does not depend on the trajetory along whih one alulates the integral
[44℄
∂
∂yµ
y∫
x
dzν Fν(z) = Fµ(y), δ
(4) (x− y)
y∫
x
dzν Fν(z) = 0. (23)
As a result, non-minimal interations, whih ould be indued by the kineti term of quark
fields, are absent. The gauge invariant proedure used here leads to additional verties
with any number of external fields whih have their origin in the nonloal nature of the
interation.
Weak pion deay is desribed by three diagrams (see fig.2). Note that in the hiral limit
the ontributions of nonloal diagrams are exatly anelled.
Sattering lengths and slope parameters
a20 =
1
32piMpi
(
A(0, 4M2pi , 0) + A(0, 0, 4M
2
pi)
)
(a00 − a
2
0) =
3
32piMpi
A(4M2pi , 0, 0)
a11 =
1
48piMpi
(
A(s)(0, 4M2pi , 0) + A
(s)(0, 0, 4M2pi)−A
(t)(0, 0, 4M2pi)− A
(u)(0, 4M2pi , 0)
)
a22 =
1
120piMpi
(
A(u,u)(0, 4M2pi , 0) + A
(t,t)(0, 0, 4M2pi)− 2A
(s,u)(0, 4M2pi , 0)−
−2A(s,t)(0, 0, 4M2pi) + A
(s,s)(0, 0, 4M2pi) + A
(s,s)(0, 4M2pi , 0)
)
(a02 − a
2
2) =
1
40piMpi
(
A(u,u)(4M2pi , 0, 0)− 2A
(t,u)(4M2pi , 0, 0) + A
(t,t)(4M2pi , 0, 0)
)
11
b20 =
1
16piMpi
(
2A(u)(0, 0, 4M2pi) + 2A
(t)(0, 4M2pi , 0)− A
(u)(0, 4M2pi , 0)
−A(t)(0, 0, 4M2pi)−A
(s)(0, 4M2pi , 0)− A
(s)(0, 0, 4M2pi)
)
(b00 − b
2
0) =
3
16piMpi
(
2A(s)(4M2pi , 0, 0)−A
(t)(4M2pi , 0, 0)−A
(u)(4M2pi , 0, 0)
)
,
where
A(x)(a, b, c) =
∂
∂x
A(s, t, u)|s=a,t=b,u=c , A
(x,y)(a, b, c) =
∂2
∂x∂y
A(s, t, u)|s=a,t=b,u=c .
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